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Complex Response Function of Magnetic Resonance Spectrometers
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A vectorial analysis of magnetic resonance spectrometers, based
on traveling wave resonators and including the reference arm and
the automatic control of frequency, has been developed. The pro-
posed model, valid also for stationary wave resonators, gives the
response function of the spectrometer for any working condition,
including scalar detectors with arbitrary response law and arbi-
trary excitation frequency. The purely dispersive and purely ab-
sorptive linear responses are discussed in detail for different scalar
detectors. The developed approach allows for optimizing the per-
formances of the spectrometer and for obtaining the intrinsic line-
shape of the sample in a very broad range of working condi-
tions. More complex setups can be modeled following the proposed
scheme. C© 2002 Elsevier Science (USA)

Key Words: whispering gallery modes; dielectric resonators; mag-
netic resonance spectrometers; response function; vectorial ana-
lysis.
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I. INTRODUCTION

Resonant structures based on traveling wave modes have been
idely used in different fields of physics; a more and more pop-
ar example is represented by dielectric resonators working on
hispering gallery modes (1–3). Among the different applica-
ns, an innovative realization of magnetic resonance spectrom-

ers based on dielectric resonators has been recently proposed,
ecifically useful for high magnetic field applications (4). An
fective employment of such devices requires otherwise an ac-
rate modeling of the resonator and of the overall apparatus.
The basic aim of this paper, which generalizes a previous

udy (5), is the theoretical investigation under general hypothe-
s of the response of this class of spectrometers, including the
ference arm and the automatic control of frequency. In partic-
ar the complex response of the spectrometer will be calculated
expressing amplitude and phase of the radiation in terms of
basic parameters. This approach appears conceptually more

propriate than the usual RLC lumped circuit representation,
nce it is based on quantities measurable at any frequency (in-
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uding the quasi optical limit). The complex formulation is
rthermore justified by the availability of vectorial analyzers
orking up to the THz region (6).
The developed analysis will focus on the relevant aspects of
e coherent response of the spectrometer (i.e., the response
lculated neglecting any noise effects), in which the resulting
gnal is completely defined by the parameters controlled by the
erator. The effects of the different sources of noise, which are
yond the scope of this work, can be included a posteriori.
The generality of the proposed approach, based on the com-
ex resonance frequency, the free spectral range, and the cou-
ed energy, makes inessential any further details on the reso-
tor. The obtained results can thus be applied to spectrometers
sed on other kinds of resonators, such as metallic cavities and

abry–Perot resonators; indeed, some important findings ob-
ined in the works of Feher (7 ) and Wilmshurst et al. (8) will
reproduced in this paper.
The effect of a sample interacting with the resonator will
developed, for sake of simplicity, by using a perturbative

proach. To this purpose a generalization of the celebrated
oltzmann–Ehrenfest theorem (9) is used. The above proce-
re always leads to a linear behavior, which can be considered
the intrinsic response of the spectrometer. On the other hand,

e use of scalar detectors can lead to a nonlinear response in
ecific conditions.
The application of the obtained results to a typical work-
g condition will be discussed and experimentally verified in a
rthcoming paper.
The plan of the paper is the following. Section II discusses
e main properties of a traveling wave resonator coupled to a
ansmission line, in the presence also of a reference arm. In
ection III the effects of a perturbation of the resonator in terms
the variation of its complex resonance frequency are obtained.
Section IIIa the perturbed resonance frequency is derived in

rms of magnetic permeability by means of a generalization
the Boltzmann–Ehrenfest theorem. The vectorial response
the magnetic spectrometer is discussed in Section IV. The
tained results are specialized to the case of scalar detectors

ith arbitrary response law in Section V. In Section VI the ab-
rptive response in a linear regime is discussed in detail for
fferent scalar detectors. Finally, concluding remarks are given
Section VII.
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THE RESPONSE FUNC

II. GENERAL BACKGROUND

The vectorial modelization of a traveling wave resonator, cou
pled to a general transmission line in the reaction configuration
can be effectively developed in terms of a circuit formed by
directional coupler and a phase shifter (10), as schematicall
shown in Fig. 1. Here ã j and b̃ j represent the incident and re
flected complex wave amplitudes at the reference plane j, nor
malized in order that |ã j |2 and |b̃ j |2 give the powers flowin
inwards and outwards of the relative reference planes, respec
tively. The relations among the amplitudes at the different ref
erence planes can be obtained by using the method of the scat
tering matrix (10, 11). In order to have a purely traveling wav
in the resonator, port 2 is terminated with a matched load, s
that ã2 = b̃1 = 0; the forward wave and the wave coupled to th
resonator can now be conveniently expressed as

b = b̃2

ã1
=

√
1 − k2 − e−ϑ

1 − √
1 − k2 · e−ϑ

[1

and

bres = b̃res

ã1
= i · k

1 − √
1 − k2 e−ϑ

, [2

respectively. In these expressions the complex wave attenuatio
ϑ is given by ϑ = α + i · ϕ, where α is the attenuation of th
wave and ϕ its phase shift in a round trip, while k is the couplin
coefficient of the transmission line to the resonator (10); i rep
resents the imaginary unit. According to this model, the critica
coupling coefficient kc (given by the condition b = 0) is obtaine
when √

1 − k2
c = e−α, [3

where ϕ = 2πn has been taken into account for resonances o
order n.

If the finesse I of the resonator satisfies the condition I 	 1
which implies α 
 1, the loaded merit factor QL can be ex
plicitly calculated (10, 12). In the limit of the weak couplin
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FIG. 1. Scheme of a traveling wave resonator coupled to a transmission line
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FIG. 2. Scheme of a spectrometer based on a traveling wave resonator an
including a reference arm; the nodes N1 and N2 act as directional couplers
The device labeled V allows for changing amplitude and phase of the incomin
wave.

condition, i.e., k2 of the order of α, the loaded merit factor re
sults

QL = nπ

α + k2

2

. [4

In particular all the coupling conditions up to the critical one (and
beyond) can be described in this approximation. The following
analysis will be developed according to the described frame
work, which includes indeed all the usual working condition
(12). The effects of the stationary waves that can be induced by
the sample will be neglected.

It is worthwhile to note that the proposed model also applies to
conventional standing wave resonators excited in reflection con
figuration, when the signal ã2 entering the port 2 is disregarded
Indeed, in this case the wave amplitudes ã1 and b̃2 represen
the incoming and the reflected wave, respectively, and the scat
tering matrix preserves the same form which results only from
the energy conservation principle (Chapter 4 of Ref. (13)). Ac
cordingly, the proposed model will be valid for a wide class o
resonant structures. Moreover, the model can be generalized in
order to include the reference arm; the related circuit is sketched
in Fig. 2. The forward amplitude b̃2 can now be expressed by
b̃2/ã = b̃2/ã1 ·

√
1 − |b̃c1|2/|ã|2. The total forward amplitude

b̃t can then be expressed as

b̃t

ã
= b̃2

ã1
·
√

1 − |b̃c1|2
|ã|2 + b̃c2

ã
, [5

where b̃c2 enters into the node N2 from the reference arm. By
using the definitions bt = b̃t/ã, bc1 = b̃c1/ã, bc2 = b̃c2/ã, Eq. [5
becomes

bt = b
√

1 − |bc1|2 + bc2. [5a
.

Equation [5a] represents a generalization of Eq. [1] for a typical
experimental configuration.
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III. PERTURBED RESONATOR

The theoretical analysis of the response of a magnetic reso-
nce spectrometer employing a vectorial detector can be re-
ced to the analysis of the circuits described in Figs. 1 and 2.

he presence of a sample modifies the parameters of the res-
ator when the magnetic resonance is swept across; in turn,
ese modifications change the amplitude of the forward wave,
described by Eq. [1] or Eq. [5a]. The knowledge of the com-

ex response function of the spectrometer is then traced back
the knowledge of the effects of the magnetic resonance on

e parameters of the resonator. To this purpose the analysis will
art by the description of the basic circuit represented in Fig. 1;
e effects of the reference arm will be considered later.
In the most general approach, the knowledge of the com-
ex magnetic permeability µ̂(B) = µ′ − i · µ′′ of the sample
lows the determination of the complex resonance frequency
= ω′ + i · ω′′ of the resonator (according to the procedure re-
rted in Ref. (14)). From ω̂ and the related fields distribution
e complex attenuation ϑ(B) and the coupling coefficient k(B)
n be calculated. Assuming that the electromagnetic field dis-

ibution is not affected by the magnetic resonance, only the first
rm of the perturbative expansion of the complex response can
retained; the obtained behavior can then be considered as the

trinsic response of the spectrometer. The variation of b around
e starting point b0 thus becomes

b(B) = b0 + �b(B)

ith

�b(B) = ∂b

∂ϑ
�ϑ(B), [6]

ving assumed negligible variations of the coupling intensity
across the magnetic resonance.
Since the derivative

∂b

∂ϑ
= k2e−ϑ

(1 − √
1 − k2e−ϑ )2

= −b2
res · e−ϑ [7]

nonvanishing for any finite k and α, the first order analysis
the complex response of the system is valid for any allowed

arting point. As a consequence, the parametric curves �b(B)
d �ϑ(B) have the same shape in the complex field.
For the resonance with modal index n and frequency ω′

n ,
e variation �ϑ can be determined from the relation ϑ = α +
(2π ((ω − ω′

n)/ωfsr) + 2πn) = α + i · (δϕ + 2πn); here δϕ is
e phase mismatch due to the difference between ω′ and the
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citation frequency ω, and ωfsr is the free spectral range of the
sonator around ω′

n . In particular, the condition I 	 1 leads to

th
v
fo
AL.

ϕ 
 1. Assuming ω′
n = n · ωfsr it follows

�ϑ = �α + i · 2πn

(
− ω

ω′2
n

�ω′
n

)
= �α − i · 2πn

�ω′
n

ω′
n

, [8]

here the term (ω/ω′2
n )�ω′

n has been approximated to �ω′
n/ω

′
n

5).
On the other hand, the complex resonance frequency can be
pressed as ω̂n = ω′

n + i · (ω′
n/(2 · QL )) (Chap. 5 of Ref. (13));

s variation at the first order is

�ω̂n = �ω′
n + i · ω′

n

1

2πn
�α. [9]

quations [8] and [9] give �ϑ = (−i · (2πn/ω′
n))�ω̂n , and thus

q. [6] can be rewritten as

�b(B) = −i · 2πn

ω′
n

∂b

∂ϑ
�ω̂n(B). [10]

he response function of the system is then related to the varia-
on of the complex resonance frequency �ω̂n(B). To be consis-
nt with the previous analysis, �ω̂n(B) will also be calculated
n the basis of a perturbative approach.

A variable excitation frequency can be included in the pro-
osed model coming back to the variation of the complex atten-
ation ϑ , now given by

�ϑ = �α − i · 2πn

(
�ω′

n − �ω

ω′
n

)
.

the excitation frequency follows the resonance frequency, as
ccurs when an automatic frequency control (AFC) system is
sed, the imaginary part of �ϑ is cancelled out and the complex
tenuation equals �α.

IIIa. Generalized Boltzmann–Ehrenfest Theorem

The frequency variation induced by a perturbation in a system
scillating at the frequency ω′ can be related to the variation of its
ean energy 〈W 〉 by using the Boltzmann–Ehrenfest theorem,
hich ensures that (9)

�〈W 〉
〈W 〉 = �ω′

ω′ .

If an ideal lossless electromagnetic system (ideal resonator)
considered, the change of its mean stored energy is due to
e variation of the (real) magnetic permeability �µ. When this
ariation is related to a gyrotropic susceptibility ↔
χ = �

↔
µ

4π
, as usual

r magnetic systems in a static magnetic field B, ↔
χ is given by
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(Chapter 8 of Ref. (13))

↔
χ =


 κ −i · ν 0

i · ν κ 0
0 0 0




with κ, ν ∈ R.
The variation of the mean energy stored in the resonator, cal

culated at the first order, can be expressed as (16)

�〈W 〉 = −1

2

∫
sample

[(κ + ν)〈H 2
+〉 + (κ − ν)〈H 2

−〉] dV,

where H+ and H− are the components of the magnetic field o
the normal mode, rotating and counterrotating in comparison to
the precession induced by the static magnetic field, respectively

Neglecting as usual the contribution of the counterrotating
component, the fractional change of energy can be expressed a

�〈W 〉
〈W 〉 = −1

2

�µ′

µ′

∫
sample µ′〈H 2

+〉 dV∫
resonator µ

′(r )〈H 2〉 dV
= −1

2

�µ′

µ′ η,

where H is the total magnetic field of the resonant mode, �µ

the variation of the rotating component of the permeability ten
sor, and η the related magnetic filling factor; the initial magneti
permeability µ′ is considered as a scalar homogeneous quan
tity. From the Boltzmann–Ehrenfest theorem it follows then tha
�ω′
ω′ = − 1

2η
�µ′
µ′ .

When the magnetic losses of the sample are taken into ac
count, the merit factor of the resonator becomes Q−1 = 2ω′′

ω′ =
η

µ′′
µ′ so that, at the first order, �ω′′

ω′ = 1
2η

�µ′′
µ′ . The Boltzmann–

Ehrenfest theorem can then be generalized to lossy systems as

�ω̂

ω′ = −1

2
η
�µ̂

µ′ . [11

When different sources of losses are present the above deriva
tion can be generalized, provided that the fields distribution i
still unchanged; indeed in this case the losses can be superposed
linearly.

In conclusion, from Eqs. [10] and [11] it results

�b(B) = i · 4π2n
η

µ′
∂b

∂ϑ
χ̂ (B), [12

where the complex susceptibility for the rotating componen
χ̂ = χ ′ − i · χ ′′ has been introduced.

Under the previous assumptions, the shape of �b(B) induced
by the magnetic resonance accurately reproduces the intrinsi
complex lineshape of the magnetic susceptibility χ̂ (B); on th

contrary, the resulting lineshape obtained when scalar detectors
are employed can be completely distorted , as shown in Section 5
ION OF SPECTROMETERS 77
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IV. VECTORIAL RESPONSE

The above analysis shows that the complex response function
of the system represented in Fig. 1 is encoded in the complex
quantity

b(B) = b0 + i · 4π2n
η

µ′
∂b

∂ϑ
χ̂ (B). [13]

When the excitation frequency ω is varied around ω′
n , in ab-

sence of magnetic resonance, the amplitude b0 describes the
resonance curve of the mode of index n, represented in the com-
plex plane (Re[b], Im[b]) by a circumference (12). The choice
of the excitation frequency fixes the phase shift ϕ and then the
starting point b0.

The more general configuration represented in Fig. 2 can be
analyzed combining Eq. [5a] with Eq. [13], which gives

bt (B) = b0 ·
√

1 − |bc1|2 + bc2 + i · 4π2n
η

µ′
∂b

∂ϑ

√
1 − |bc1|2 χ̂

= bt
0 + �bt , [14]

where bt
0 = b0 ·

√
1 − |bc1|2 + bc2 is the effective starting point

and �bt = �b ·
√

1 − |bc1|2.
The complex response of the spectrometer is given in genera

by a linear superposition of the real and imaginary components
of χ̂ , unless ∂b

∂ϑ
has only one nonvanishing component. The

analysis of ∂b
∂ϑ

is detailed in Appendix 1.
The ratio between the response �bt (B) and χ̂ (B) can be de-

fined as the complex amplification A(ϑ, k) of the spectrometer
which results (see also Eq. [7])

A(ϑ, k) = i · 4π2n
η

µ′
∂b

∂ϑ

√
1 − |bc1|2

= −i · 4π2n
η

µ′ e
−ϑ (bres)

2
√

1 − |bc1|2. [15]

Taking into account that |bres|2 = (1 − |b|2)/(1 − e−2α), as fol-
lows from Eqs. [1] and [2], the modulus of A(ϑ, k) results

|A(ϑ, k)| = 4π2n
η

µ′
e−α

1 − e−2α
(1 − |b0|2)

√
1 − |bc1|2. [16]

At the first order in α, |A(ϑ, k)| becomes

|A(ϑ, k)| = 2π

µ′
√

1 − |bc1|2 (1 − |b0|2)Q0η

= 2π

µ′
√

1 − |bc1|2 Pd Q0η, [17]
.
where Pd = 1−|b0|2 is the fraction of the power |ã1|2 dissipated
in the resonator. |A(ϑ, k)| is then proportional to the unloaded
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erit factor Q0 = n π
α

, and reaches its maximum value at the crit-
al coupling condition. The complex amplification A, related
the coherent response of the spectrometer, is then reduced

y the presence of a reference arm owing to the reduced power
ailable to the resonator.
As the magnetic resonance experiments are in general per-
rmed by using scalar detectors, the scalar response of the
ectrometer will be analyzed in detail in the next section. In
is case, in spite of the linearity of the complex signal bt (B) in
rms of the magnetic susceptibility, a nonlinear response can
ise owing to the nonlinearity of the employed detector.

V. SCALAR RESPONSE

In order to allow a compact analysis of the scalar response
f the spectrometer it is useful to introduce a vector for-
alism in which a complex number c corresponds to a 2-

imensional vector c = ( Re[c]
Im[c])

); in this formalism c⊥ def= ( − Im[c]
Re[c]

).
quation [14] can now be rewritten in terms of vectors as

bt (B) = bt
0 +

(
A · χ

A · χ⊥

)
= bt

0 +
(

χ ′ χ ′′

−χ ′′ χ ′

)
·
(

Re[A]

Im[A]

)
,

here A ·χ is the scalar product between the amplification vec-
r A and the vector χ

def= ( χ ′
χ ′′ ).

The scalar response of the spectrometer can be investigated by
troducing the generalized amplitude of the wave bt , defined as

t (B)|r = r
2

√√√√∣∣bt
0

∣∣2 +
∣∣∣∣
(

A · χ
A · χ⊥

)∣∣∣∣
2

+ 2bt
0 ·

(
A · χ

A · χ⊥

)
, [18]

here the exponent r > 0 takes into account the responsivity of
e detector.
In general the analysis of the scalar response of the system
quires a direct use of the basic Eq. [18].
From a conceptual point of view the condition of ideal com-

ensation bt
0 = 0 appears relevant; in this case the overall for-

ard wave is just given by the contribution of the magnetic
sonance, and Eq. [18] reduces to

|bt (B)|r = (|A| · |χ|)r ∝ (χ ′2 + χ ′′2)
r
2 ;

e obtained lineshape thus nonlinearly mixes the dispersive and
sorptive components of χ̂ . This mixing can be avoided by

sing the AFC system, which cancels out the contribution of
′; the resulting signal, proportional to |χ ′′|r , is still distorted
comparison to χ ′′ excluding the case r = 1. However, when

e response curve crosses the critical coupling point distorted
neshapes are in general obtained also for the linear detector, as
ointed out also by Feher (7 ).

o
re
in
th
s

T
b
c
d
b
b

E
(b
la
o
p

T
in
|b

le
is
a
e

tr
(1

T
r
in
Further interesting cases occur when the condition
bt (B)| 
 |bt

0| is satisfied, that is, when the magnetic res- ifi
AL.

ance contribution to the forward wave represents a weak cor-
ction to the overall signal. In this case only the linear terms
χ ′ and χ ′′ can be maintained in the expansion of |bt |r , so

at the previous condition represents the linear regime of the
ectrometer. The generalized amplitude reduces now to

|bt (B)|r ∼= r
2

√∣∣bt
0

∣∣2 + 2A · bt
0χ

′ + 2A · bt⊥
0 χ ′′

∼=
∣∣bt

0

∣∣r + r
∣∣bt

0

∣∣r−2
A · (bt

0χ
′ + bt⊥

0 χ ′′). [19]

e signal �|bt |r = |bt |r −|bt
0|r then arises from a linear mixing

tween χ ′ and χ ′′, defined by the projections of the amplifi-
tion A on the starting vectors bt

0 and bt⊥
0 . This mixing can be

termined by defining a “mixing angle” ξ between the vectors
and A (that is, between bt

0 and ∂b⊥/∂ϑ); accordingly, �|bt |r
comes

�|bt (B)|r = r
∣∣bt

0

∣∣r−1 · |A| (cos ξ · χ ′ + sin ξ · χ ′′). [20]

uation [20] shows when this inherent mixing can be avoided
esides the already discussed case of external AFC). In particu-
r when ξ = 0 or ξ = π , that is, ∂b

∂ϑ
⊥ bt

0, the linear contribution
χ ′′ disappears and the response of the system is purely dis-
rsive. In this case the signal becomes

�|bt (B)|r = r · sgn
[
A · bt

0

] · ∣∣bt
0

∣∣r−1|A|χ ′. [21]

e sensitivity of the spectrometer can now be characterized by
troducing the scalar amplification A′

r (ϑ, k) = r · sgn[A · bt
0] ·

t
0|r−1|A|.
If the reference arm is not used, the condition ∂b

∂ϑ
⊥ bt

0 is fulfil-
d when the equation cos(δϕ) = (2 − k2)/(2 cosh(α) · √

1 − k2)
satisfied, as shown in Appendix 2; the factor sgn[A · bt

0]
sumes opposite values on the different roots of the last
uation (17 ).
On the contrary when |ξ | = π

2 , that is, ∂b
∂ϑ

// bt
0, the linear con-

bution of χ ′ disappears and the response is purely absorptive
8). In this case the signal becomes

�|bt (B)|r = r · sgn
[
A · bt⊥

0

] · ∣∣bt
0

∣∣r−1|A|χ ′′. [22]

e scalar amplification can now be defined as A′′
r (ϑ, k) =

sgn[A · bt⊥
0 ] · |bt

0|r−1|A| whose explicit expression, taking
to account Eq. [16], results

A′′
r (ϑ, k) = r · sgn

[
bt

0 · ∂b
∂ϑ

]
4π2n

η

µ′
e−α

1 − e−2α

∣∣bt
0

∣∣r−1

× (1 − |b0|2)
√

1 − |bc1|2. [23]
In absence of the reference arm the condition ∂b
∂ϑ

// bt
0 is ver-

ed if and only if δϕ = 0, as shown in Appendix 2.
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Due to its practical relevance, the purely absorptive respons
in the linear regime deserves particular attention; therefore th
behavior of A′′

r will be investigated in detail in the next section
However, it is important to remark that A′′

r represents just th
linear part of the sensitivity, as only the first-order terms in th
expansion of |bt |r have been retained.

The formal equivalence between the expressions of A′′
r and

A′
r allows a similar analysis for the purely dispersive linear re

sponse.

VI. ABSORPTIVE LINEAR RESPONSE

As shown above, the absorptive response in the linear regim
can be discussed in terms of the scalar amplification A′′

r . Th
main difference between A′′

r and the modulus of its complex
counterpart |A| is the presence of the term |bt

0|r−1, which in
general has relevant effects on the linear response near the poin
of ideal compensation bt

0 ≡ b0

√
1 − |bc1|2 + bc2 = 0. Moreover

when the point bt
0 = 0 is crossed the factor sgn[bt

0 · ∂b
∂ϑ

] leads to
a lineshape inversion.

The behavior of A′′
r strictly depends on the responsivity of th

employed detector, as shown in the following; the effect of th
reference arm will also be outlined.

Linear Detector

For a linear detector (r = 1) the scalar amplification becomes

A′′
1(ϑ, k) = sgn

[
bt

0 · ∂b
∂ϑ

]
4π2n

η

µ′
e−α

1 − e−2α
(1 − |b0|2)

×
√

1 − |bc1|2 = sgn

[
bt

0 · ∂b
∂ϑ

]
· |A(ϑ, k)|, [24

which is, as expected, very similar to the complex amplification
defined in Eq. [16]; as a consequence the reference arm reduce
the sensitivity of the spectrometer, at least in what concerns it
coherent response.

Assuming bc1 = bc2 = 0, Eq. [24] becomes, at the first orde
in α,

A′′
1 (α, k) = sgn[b0]

2π

µ′
(
1 − b2

0

)
Q0η, [25

being in this case b0 real and ∂b
∂ϑ

real and positive.

Superlinear Detector

More differences between |A| and A′′
r arise when superlinea

detectors (r > 1) are considered. In this case A′′
r goes to zero a

the point bt
0 = 0, where the linear sensitivity reaches a minimum

the maximum of the sensitivity can be obtained by inspection o
Eq. [23].
Among the superlinear detectors, the most important is the
quadratic one, corresponding for instance to a typical bolometer;
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in this case Eq. [23] becomes

A′′
2(ϑ, k) = 2 · sgn

[
bt

0 · ∂b
∂ϑ

]
4π2n

η

µ′
e−α

1 − e−2α

∣∣bt
0

∣∣
× (1 − |b0|2)

√
1 − |bc1|2. [26

When the reference arm is not used A′′
2 becomes, at the firs

order in α,

A′′
2(α, k) = 2 · sgn[b0]

2π

µ′ |b0|
(
1 − b2

0

)
Q0η. [27

The spectrometer then shows a vanishing linear response near the
critical coupling condition, where the energy density on the sam
ple is maximum. The maximum value of the linear sensitivity
can be calculated by imposing (∂/∂|b0|) [|b0| · (1 − |b0|2)] = 0
which gives |b̄0|2 = 1

3 and A′′
2,max = (4/3

√
3) (2π/µ′)Q0η; thi

result, analogous to that quoted by Feher (7 ), is independent on
the other parameters of the resonator.

The correspondence between a minimum in the linear sensi
tivity and the maximum in the energy density is a peculiarity o
any spectrometer based on superlinear detectors. The introduc
tion of a reference arm can avoid this effect; indeed, assuming
|bc1| = |bc2| the linear amplification for quadratic detectors in
the case of critical coupling becomes

A′′
2(α, kc) = 2 · sgn[bc2]

2π

µ′ |bc2|
√

1 − |bc2|2 Q0η,

whose maximum is obtained for |bc2|2 = 1
2 ; the corresponding

value A′′
2,max = 2π

µ′ Q0η equals that found for a linear detector in
the case of critical coupling (see Eq. [25]).

The last case to be discussed is that of a hypothetical sublinea
detector (r < 1); in this case the amplification A′′

r diverges a
the ideal compensation point bt

0 = 0, so that the maximum o
sensitivity is expected near this region.

VII. CONCLUSIONS

In conclusion, a vectorial analysis of the response of a mag
netic resonance spectrometer, based on traveling wave res
onators and including the reference arm and the AFC sys
tem, has been developed. This analysis allows for exploiting
the potentialities of the vectorial detection, which has been
already proved effective (6, 19), and appears very genera
being valid also for stationary wave resonators. Unlike the
usual RLC lumped circuit representation, the proposed ap
proach is based on the analysis of the attenuation and the
dephasing of the wave in the resonator; in this way the re
sponse of the spectrometer is obtained in terms of a complex
resonance frequency, which can be measured in any work

ing condition. Moreover this representation can be extended to
the analysis of perturbing samples, provided that the resulting
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mplex resonance frequency and fields distribution can be
lculated.
The obtained complex response has been specialized to the

se of scalar detectors, which can lead to distorted lineshapes
spite of the assumed linear vectorial response; the developed
proach will allow for extracting the intrinsic lineshape of the
mple in any working condition through a simple graphical
alysis. Finally, the knowledge of the response function for
bitrary excitation frequency allows for the analysis of more
mplicated setups, as in the case of bistability phenomena in
ectron paramagnetic resonance experiments (20).
Practical applications of the proposed model will be discussed
d experimentally verified on a spectrometer based on whis-

ering gallery resonators in a forthcoming paper.

APPENDIX 1

Properties of b and ∂b
∂ϑ

The real and imaginary parts of b and ∂b
∂ϑ

are given by

Re[b] =
√

1 − k2 (1 + e−2α) − e−α(2 − k2) cos ϕ

1 + (1 − k2)e−2α − 2
√

1 − k2e−α cos ϕ
,

Im[b] = e−αk2 sin ϕ

1 + (1 − k2)e−2α − 2
√

1 − k2e−α cos ϕ
,

e

[
∂b

∂ϑ

]
= k2e−α {cos ϕ · [1 + (1 − k2)e−2α] − 2

√
1 − k2e−α}

[1 + (1 − k2)e−2α − 2
√

1 − k2e−α cos ϕ]2
,

[
∂b

∂ϑ

]
= k2e−α sin ϕ [(1 − k2)e−2α − 1]

[1 + (1 − k2)e−2α − 2
√

1 − k2e−α cos ϕ]2
.

he latter equation implies that Im[ ∂b
∂ϑ

] = 0 when sin ϕ = 0; be-
g δϕ 
 1, it follows that ∂b

∂ϑ
is real for δϕ = 0, for any allowed

lue of α and k.
On the other hand, Re[ ∂b

∂ϑ
] = 0 corresponds to cos(δϕ) =√

1 − k2e−α/(1 + (1 − k2)e−2α). This latter equation gives
al roots for any allowed value of k and α.

APPENDIX 2

Crossed Relations between b and ∂b
∂ϑ

Consider now the conditions b ⊥ ∂b
∂ϑ

and b // ∂b
∂ϑ

.
The vectors b and ∂b

∂ϑ
are parallel when the correspond-

g complex numbers have the same phase, that is, when the
tio between these numbers is real; otherwise, they are per-

endicular when this ratio is an imaginary number. In the
resent case the complex quantities to be compared are

th

th
s
in

w

B
s
w
re

1

1 − k2 − e−ϑ/(1 − √
1 − k2 · e−ϑ ) (Eq. [1]) and k2e−ϑ/

− √
1 − k2e−ϑ )2 (Eq. [7]). Their ratio becomes, neglecting

11
AL.

e real factor k2,

(
√

1 − k2 − e−ϑ ) · (1 − √
1 − k2 · e−ϑ )

e−ϑ

=
√

1 − k2(eϑ + e−ϑ ) + k2 − 2

=
√

1 − k2[cos ϕ(eα + e−α) + i · sin ϕ(eα − e−α)]

+ k2 − 2; [A1.1]

is expression is real when sin ϕ(eα − e−α) = 0, that is, for
n ϕ = 0 ⇔ δϕ = 0 for any allowed value of α and k, as shown
Appendix 1.
On the contrary, Eq. [A1.1] becomes an imaginary quantity

hen

cos(δϕ) = 2 − k2

2 cosh(α) · √
1 − k2

. [A2.1]

eing δϕ 
 1, this equation has a pair of opposite roots. The
cond member of Eq. [A2.1] is an increasing function of k,
hich assumes the unitary value at the critical coupling, so that
al roots can be found ∀ α and ∀ k ≤ kc.
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